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Several studies have been made in Couette systems of the primary motion (angular translation 
and rotation) of spheres suspended in viscous liquids. Radial migration trajectories, however, 
have been unreported for single spheres. 

In this study, a prediction of radial migration is developed and compared with experimental 
measurements. The predicted trajectories were found to agree well with the measured ones. 

Ultimately, radiolly migrating spheres reached an equilibrium position located approximatelY 
midway between the cylinder walls. The model developed predicted on equilibrium position 
just slightly inside the midpoint, while measured equilibrium positions fell between the midpoint 
and 0.4, the annular thickness from the inner cylinder walls. The differences in equilibrium 
positions are attributed to the approximate nature of the model. 

Segrk and Silberberg’s (1) observation of radial migra- 
tion of spheres suspended in a Newtonian liquid flowing 
through a tube stimulated considerable interest in such 
migration phenomena. Most subsequent experimental and 
theoretical works have been restricted to tube systems. 
Although Poiseuille flow systems have been given con- 
siderable attention, a basically simpler system, the Couette 
system, has been essentially ignored. Because the shear 
induced in a properly proportioned Couette system is 
nearly constant, it offers theoretical problems which are 
more simply approached than those posed by the Poiseuille 
system. The present work derives a semiempirical lateral 
force for use in predicting radial migration in a Couette 
system, a system more easily analyzed than the tube sys- 
tem, and hence more adapted to establishing the funda- 
mental reasons for migration phenomena. 

Segrk and Silberberg’s (1 ) initial observations with 
neutrally buoyant spheres, freely translating and rotating, 
convincingly demonstrated the existence of laterally di- 
rected forces. Extensions of their observations include 
those to nonrotating spheres (2) and to spheres with a 
density different from the density of the liquid (3). Sev- 
eral other authors have reported on various aspects of 
this phenomena (4 ,  5 ) .  

Several authors have derived expressions for the lateral 
force acting on a sphere under viscous flow conditions. 
Rubinow and Keller (6) derived such an expression by 
considering a rotating sphere translating through a sta- 
tionary Newtonian fluid and applying the method of 
matched asymptotic expansions. 

A laterally directed force proportional to the velocity 
of translation of the sphere and its rate of rotation was 
derived. This result has been applied to explain migra- 
tion phenomena in Poiseuille systems even though the 
result applies only to a quiescent fluid. While limited 
success has been obtained with this result in explaining 
experimental Poiseuille data, there are fundamental ob- 
jections to such applications (7). 

Saffman (8) calculated a laterally directed surface force 
by considering a rotating sphere translating through a 
sheared fluid. The direction of translation was parallel to 
the free stream velocity. Saffman concluded that the later- 
ally directed force was proportional to the translational 
lag velocity (termed a lag velocity because it is the trans- 
lational veloci of the sphere relative to that of the un- 
perturbed flui 2 ). In this first-order approximation, it was 

found that the force was independent of the sphere’s 
rotation. 

Recently, Harper and Chang (9) have found Saffman’s 
result to be too large by a factor of 4R. They have also 
calculated the lift force resulting from the sphere’s trans- 
lation perpendicular to the free stream velocity. 

A preliminary report of sphere trajectories in a Couette 
system has been presented by Halow and Wills (10). 
Here, there is developed a semiempirical model for the 
radial forces in a Couette system, this model containing a 
single parameter to be determined experimentally. Also, 
an approximate expression is developed for the sphere’s 
lag velocity. These unique results are combined with the 
results of others to develop a complete model for tra- 
jectory analysis in Couette systems. Trajectories predicted 
from the model compare favorably with those measured 
experimentally. 

F O R M U L A T I O N  OF T H E  COUETTE SPHERE PROBLEM 

A spherical particle suspended in a homogeneous New- 
tonian fluid will be considered. The fluid and the sphere 
are contained in an annular region bounded by two con- 
centric cylinders, and a shear is induced in the fluid by 
rotation of the inner cylinder about its axis. The only 
forces acting on such a sphere are the surface forces ex- 
erted by the fluid and body forces arising from a density 
difference between the sphere and the fluid. The Couette 
system will be oriented with its axis parallel to the direc- 
tion of the gravitational force. The body forces then con- 
sist of a gravitational force parallel to the axis of the 
Couette system and a centripetal force perpendicular to 
this axis. The sphere is free to translate in the annular 
region and to rotate about its own axis. Its translational 
movement is governed by Newton’s second law of motion 
which can be written as 

The body forces are readily expressed in terms of the 
velocity and position of the sphere together with several 
parameters characteristic of the sphere and the liquid. If 
an expression for the surface forces and the expressions 
for the body forces are substituted into Equation (l), 
Newton’s second law of motion, written in terms of the 
radial and vertical position of the sphere and its tangential 
velocity, is 
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The initial conditions associated with these equations are 
specification of the sphere’s initial radial and vertical posi- 
tions and the sphere’s initial velocity. 

The appearance of the stress tensor in Equations (2)  to 
(4)  couples these equations to the velocity and pressure 
fields associated with the liquid. This coupling occurs 
through the definition of the stress tensor for a Newtonian 
fluid in terms of the velocity and pressure fields of the 
fluid. A complete mathematical formulation of the problem 
requires additional relations between these fields, namely, 
n specialized form of the Navier-Stokes equations. These 
equations have associated boundary conditions which 
couple them to the Newton’s second law equations for 
translation and also the analogous equations for the rota- 
tion of the sphere. I t  is, however, unnecessary to consider 
explicitly such a complete formulation to calculate sphere 
trajectories. * 

If the restriction of incompressibility is now imposed 
on the fluid, all that is required is recognition of the role 
of the applicable specialization of the Navier-Stokes equa- 
tions and the following boundary conditions associated 
with these equations: 

at T = Ri, u = Ri et (inner cylinder) ( 5 )  
at r = R,, u = 0 (outer cylinder) (6) 

at rS1 = DJ2,  u = v + as (sphere) (7) 

If a linearization of the specialized form of the Navier- 
Stokes equations is performed, then surface forces can be 
approximated by superimposing the forces developed in 
a number of simpler problems. If the superimposed veloc- 
ity-pressure field pairs are chosen so that the composite 
fields approximately satisfy the boundary conditions associ- 
ated with the fluid in the complete formulation, then an 
approximate solution of the complete Couette sphere 
problem can be obtained. 

THE COMPONENT OF THE SURFACE FORCE 
CAUSING RADIAL MIGRATION 

A lift force similar to that derived by Saffman for a 
sphere immersed in an infinite fluid with a simple shear 
is taken as the first of the two radial components of the 
surface force. We note that Harper (9) has found Saf€- 
man’s lift to be in error by a factor of sn. The trajectory 
data (to be presented later) indicate that a correction to 
Saffman’s force of only W2.5 is required to give good 
agreement between measured and calculated trajectories. 
An empirical multiplier of 5.0 is then present in our lift 
force, which is otherwise identical to the corrected Saff- 
man force. 

A velocity difference between the center of the sphere 
and that of the fluid at infinity along a line through the 

0 For a complete formulation of the problem including end effects and 
a dimensional analysis of the complete problem, see ( 11 ) . 

center of the sphere and parallel to the direction of flow 
is assumed. The origin of the rectangular Cartesian CO- 
ordinate system has been taken at  the center of the sphere. 
Figure 1 depicts this arrangement. The free stream veloc- 
ity is 

( 8 )  ufs = ( w  + a) e, 
The parameter K in Equation (8) can be readily iden- 

tified with the Couette parameters as 
QRi 

R, - Ri (9) K=- 

This identification utilizes the approximately linear nature 
of the Couette velocity field. The lag velocity can simi- 
larly be identified as 

w = Ut - vt (10) 
The lift force will be given the symbol f ( l ) ,  and the 

result of Saffman’s analysis with Chang’s correction and 
our empirical constant can be written in the present nota- 
tion as 

f ( l )  = -8.09 Ds2(pt&p1Ri)1/2(Ro - Ri)-lf2w e,. (11) 
Note that this equation states that the lift force is directly 
proportional to the lag velocity of the sphere. If a result 
such as this is applicable to a neutrally buoyant sphere 
moving radially in a Couette system, then the lag velocity 
must change sign on either side of the equilibrium posi- 
tion located about midway between the walls. For this 
force to have the correct sign, the sphere must lead the 
liquid when it is on the outer side of this position. This 
change in sign of the lag velocity is taken to be the funda- 
mental reason for the observed radial migration phe- 
nomena in Couette systems. 

THE RADIAL DRAG FORCE 

A second radial force, one retarding migration, is found 
by considering the drag exerted on a sphere moving in an 
infinite stationary fluid and adding to this drag a correc- 
tion for each of two infinite plane walls. In this way, the 
effect of the walls on the radial drag is built up from the 
known effect of a single wall on the drag exerted on a 
sphere moving perpendicular to it. This type of correction 
was first suggested by Oseen ( 1 2 ) .  Exceptions can be 
made to this technique of calculation, and this point will 
be discussed later. However, this method offers an ana- 
lytic simplicity lacking in other types of corrections, such 
as those by Faxen (16), and it is chosen for the present 
anaIysis for this reason. 

The symbol f(2) will be used to represent the radial 
drag. The drag exerted on a sphere moving through an 
infinite stationary fluid is merely Stokes’ law. Each of the 
plane walls contributes a correction of the Lorentz type 
to this drag inversely proportional to the distance between 
the center of the sphere and the wall. The radial drag 
is then 
f‘2’ = - 3 7r& (v,)  

This equation is a first-order approximation to the true 
radial drag on the sphere. Each correction to Stokes’ law 
results from developing a velocity field and a pressure 
field which will cancel the velocity field associated with 
a sphere moving through an infinite stationary fluid at 
each plane wall. The mirror image technique of Lorentz 
(13)  was originally used to develop these corrections. 
Higher-order approximations could be obtained by suc- 
cessively applying the general solution of the Stokes equa- 
tions for spherical geometries given by Lamb ( 1 4 )  and 
the mirror image technique. It is, however, unnecessary 
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to do this in the present analysis. 

THE TANGENTIAL DRAG FORCE 

The drag exerted on the sphere in the tangential direc- 
tion is developed next. The importance of this term lies 
in that it gives rise to the change of sign of the lag veloc- 
ity required for migration phenomena. Application of the 
Lorentz (13) mirror image technique to the appropriate 
unbounded solution generates two wall corrections hav- 
ing opposite signs, one for each of the two walls. This 
difference in sign is taken to be the basic reason for pre- 
diction of radial migration phenomena in Couette sys- 
tems. 

Consider first the problem of a sphere immersed in an 
infinite fluid which contains a simple shear. This geom- 
etry, which is the same as the geometry considered by 
Saffman, has the sphere translating in the direction of 
bulk flow of the fluid. The drag exerted on such a sphere 
is 

f1c3) = 3 r p  D,w et 

To calculate the correction to the tangential drag due 
to the inner wall, it is only necessary to know the value 
of the x component of the reflected velocity at the center 
of the sphere. This result is readily obtained by applica- 
tion of the mirror technique and evaluating the x com- 
ponent of the resulting velocity field q1 at the center of 
the sphere. The result of this computation is 

(13) 

It is convenient to introduce the dimensionless variables 
To, R', Vt', T, L O ,  p', and NRe into the analysis at this 
point. A dimensionless radial position R' is defined as 

This variable has the property of being zero at the inner 
cylinder wall and unity at the outer cylinder wall. The 
dimensionless variables T" = t& and Vt' result from the 

Y 

Z 
Fig. 1. A sphere in a fluid undergoing simple shear. 

choice of Ri as the characteristic length and I/& as the 
characteristic time. The dimensionless groups 7,  Lo,  N R ~ ,  
and p' rise during the reduction to dimensionless form. 

The reflection of the q2 field from the outer cylinder 
wall could be accomplished in a manner quite analogous 
to that for the inner cylinder wall. However, it is simpler 
to geometrically transform the above result so that it ap- 
plies to the outer wall reflection problem. Consideration 
of the geometry of the Couette system leads to the re- 
placement of K by - K  and T/R* by T /  ( 1 - R") in Equa- 
tion (14) to obtain the desired result. These changes give 

With the completion of the calculation of the two x 
components of the reflected fields, it is now possible to 
write the drag force in the tangential direction. This drag 
is found by replacing the lag velocity w in Equation (13) 
by w plus the two velocities given in Equations (14) and 
(16) : 

With the computation of the tangential surface force 
completed, the radial and tangential components of New- 
ton's second law equations for the sphere's translation can 
be written independent of the vertical component of these 
equations and the Navier-Stokes equations. The solution 
of the radial and tangential component equations will 
lead to an approximate trajectory for the sphere. 

SPHERE TRAJECTORY ANALYSIS 

Newton's second law of motion can be written with 

R *  
Fig. 2. Analytic solution: lag velocity vs. radial position. 
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Fig. 3. Analytic solution: radial position vs. dimensionless scaled 
time. 

the dimensionless variables, by utilizing the approximate 
expressions for the forces, as 

C3H ' ( 18) CIW" - C2 (1 + 2F') - - dR" d2R' 
dTQ2 dT" 
-=- 

mt" -= Cz [W'(l + F') + G'] 
dT" 

where 

C1 = 15.5 [ 4E]"2 L' (p" + 1) ( 8 0 )  
N R ~  

18 c2 = (-) (p' + 1) 
NRe 

(22) 
0.029 

c3 = p'L'2; cq = 
( N R ~ L " ~ )  1'2 T3 

(23) 

G" = - 5 3  [ ( $)2 - ( x y ]  1 (24) 
128 

(26) Vt" = 1 - R" - W" 

The calculation of sphere trajectories depends on the 
simultaneous solution of the radial and tangential com- 
ponent Equations (18) and (19).  

These equations can be analytically solved for a neu- 
trally buoyant sphere which is not accelerating. For this 
case, the centripetal force will be zero (p" is zero), and 
the derivatives d2R"/dTe2 and dVt'/dT" will be zero. 
The result of algebraic manipulation and integration by 
separation of variables of the simplified forms of Equa- 
tions (18) and (19) results in 

1 1 - 2R" 
R"( 1 - R') [32R'( 1 - R") + 9 ~ 1  

(27) 

---- = CALCULATED 0.8 

0.6 t 

o*2* 0 .o 0 40 60 120 160 200 240 

TIME- SECONDS 
Fig. 4. Radial position vs. time: measured and calculated. 

changes sign at the midpoint between the cylinder walls. 
Thus, the equilibrium position of any sphere which is 
neutrally buoyant must be the midpoint of the annular 
region. This conclusion applies even to the case of a 
sphere which may experience acceleration. Note that in 
plotting (R" - 0.5) against the scaled dimensionless 
time (34.5 N R , " ~  La3I2 3) ( T O )  in Figure 3, most of 
the dependence of the trajectory on T is absorbed by the 
scaling for values of T up to 0.30. 

The assumption of zero acceleration in the tangential 
direction can be relaxed, and the density difference be- 
tween spheres and liquid can be considered. It is, how- 
ever, necessary to use numerical techniques to solve the 
resulting system of equations. The approximation of zero 
acceleration in the radial direction will be retained. 

Consider approximating the acceleration in the tan- 
gential direction with the radial velocity. The validity of 
this approximation can be ascertained by considering the 
following equation: 

The assumption made in the numerical analysis is that 
the rate of change of the lag velocity is negligible. 

The introduction of this assumption of zero acceleration 
in the radial direction, the approximation of the tangen- 
tial velocity of the sphere by ( 1  - R') in the centripetal 
force term of Equation (25),  and the subsequent alge- 
braic manipulation reduces the approximate problem to 

- C3H" + CZ2(1 + 2F')G" 
Ci - Cz2( 1 + 2F") (1 + F') (30) W" = 

Because the functions F', G'; and H' are functions of 
R" only, the substitution of Equation (30) into (31) 
allows T' to be expressed as the integral of a function of 
R', or 

R* 

T' = C2SR,* 

(1  + F') - G'] dR" 
+ 2 [2(4 - 9 ~ ) + ( 8  + %)][(1 - 2R")2  C3H' - CZ2( 1 + 2F')G' 

- (1 - 2 ~ ~ * ) 2 1  - s [(I - 2 ~ * ) 4  - (1 - 2 ~ ~ * ) 4 1  ( 2 8 )  

The graphical representations of this solution presented ( 3 2 )  
in Figures 2 and 3 demonstrate that the lag velocity Numerical evaluation of the integral is easily carried out 
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R *  0.4 1 
0.2 L 

TIME- SECONDS 
Fig. 5. Radial position vs. time: measured and calculated. 

Experimental Conditions 

Sphere diameter, mm. 
Annular thickness, mm. 
Rod angular velocity, s e c . ~ ~  
Liquid viscosity, poise 
Liquid density, g./cc. 

NRe = 

L* = 
t =  

p* = 

Sphere diameter, mm. 
Annular thickness, mm. 
Rod angular velocity, sec.-' 
Liquid viscosity, poise 
Liquid density, g./cc. 

NRe = 

L* = 
p* = 

t =  

1.699 
9.48 
4.49 
0.455 
1.045 
0.2990 
0.1 792 
5.380 
0.0044 

0.592 
18.22 
1.36 
0.497 
1.046 
0.0085 
0.0325 
2.800 
0.0010 

once the constants C1, Cz, and C3 are specified. 

COMPARISON OF SOME NUMERICAL SOLUTIONS WITH 
SOME EXPERIMENTALLY MEASURED TRAJECTORIES 

A Fortran program for an IBM-7040 digital computer 
was written to evaluate the integral in (32) and thereby 
obtain radial trajectories for spheres. Simpson rule inte- 
grations performed by this program together with ex- 
perimentally measured trajectories obtained by Halow 
and Wills (10) are presented in Figures 4 and 5. These 
figures represent the extremes of the migration phe- 
nomena studied. Intermediate results gave entirely com- 
parable agreement between measurements and predictions 
(1 1 ) . Only small discrepancies in the final equilibrium 
positions were found. These are thought to be due to a 
combination of experimental errors and the approxima- 
tion of the Couette geometry with the infinite parallel 
plane system. 

DISCUSSION 

The model developed for the radial migration of spheres 
in Couette system allows trajectories for these spheres 
to be computed. It was found that experimentally mea- 
sured migration occurred more rapidly than that predicted 
by the model unless fie lift force predicted by SafTman 
was multiplied by a factor of 5; with this correction to 
the Safhnan results, agreement between theory and ex- 
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periment was obtained. 
It is interesting to note that the factor of 5 has little 

effect on the shape of the trajectory curves except to 
shrink the time scale. The general shape of these curves 
is, in fact, determined by the lag velocity W", since this 
variable determines the relationship between lift force 
and radial position. 

The fact that the wide range of conditions covered by 
the trajectory plots are all well fitted by the use of the 
single factor 5 indicates that the dependence of the mi- 
gration phenomena on the system (viscosity, density, 
sphere, and Couette dimensions) is properly accounted 
for. If the functional dependence of the calculated tra- 
jectories on the system was incorrect, one could expect 
a definite variation in the value of the correction factor 
needed to give agreement between theory and experi- 
ment. 

We have no explanation to offer at this time for the 
correction factor. It cannot be attributed to the approxi- 
mations made for the drag forces, since if this were the 
source of the discrepancy, then the general shape of the 
trajectory curves would not be correct. The lag velocity 
W" does directly depend on the drag terms.+ The use of 
a steady state lift term (for what is an unsteady state 
phenomenon) also does not offer a proper explanation. 
Calculated trajectories including the additional lift terms 
given by Chang (9), which will account for the unsteady 
state nature of the problem, do not agree with measure- 
ments. Also, an inadequacy of this type would be ex- 
pected to require a correction dependent on the system, 
not a single factor of 5. 

Neglecting the acceleration terms C12R0/dTo2 and 
dW"/dT' introduces a small error for the conditions 
covered by the trajectory plots. The magnitudes of these 
terms were estimated for the experimental data and 
found to be small when compared with the other terms 
in Equations (18) and (19). 

While the model presented above is approximate and 
semiempirical, it does accurately predict radial migration 
of spheres in Couette systems where the velocity profile 
can be considered linear. I t  is hoped that the experimental 
observations and mechanistic interpretation of the phe- 
nomena will be theoretically interesting and of practical 
use. 

NOTATION 

C1, Cz, C3 = collections of terms defined by Equations 

D, = sphere diameter 
er, et, e, = unit vectors associated with cylindrical coordi- 

nate system with origin at center of inner Couette 
cylinder 

e,, e,, e, = unit vectors associated with Cartesian coordi- 
nate system with origin at center of sphere 

Fb = body force on sphere 
F, = surface force on sphere 
fC1) = lift force on sphere in direction of er 
fC2) = drag force on sphere in direction of er 
f 1 ( 3 )  = component of drag force on sphere in direction of 

f C 3 )  = total drag force on sphere in direction of et 
F" = collection of terms defined by Equation (23) 

(20), (211, and (22) 

et 

t We have compared the value of the drag acting on a nonlagging 
sphere with that calculated by the Faxen technique and found that to 
order ( r / R O ) *  it agrees to within 10%. We calculated this second result 
by merely superimposing the result of Wakiya (15) and that of Foxen 
(16) .  We have also found that the Wakiya and Faxen analysis can be 
used to prove that a sign change in the lag velocity must occur as pre- 
dicted by Equation (27). 
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G” 
g = acceleration of gravity 
H5 
Lo 
m, = mass of sphere 
NAe 
n 
q1 
q2 
r 

rs 

r,’ 

Ri 
R, 
R5 

tion 
t =time 
T” = tai = dimensionless time 
u = fluid velocity 
u t  = tangential velocity of fluid in Couette system 
uj, = free stream velocity 
v = velocity of center of sphere 
u, = velocity of sphere in e, direction 
ut  = velocity of sphere in e t  direction 
V* = v/ ( R o ~ )  = dimensionless velocity 
W” = w/(Ri&) = dimensionless lag velocity 
w = lag velocity 
x, y, z = Cartesian coordinates with origin at center of 

zs 
Greek Letters 
8 = stress tensor 
K 

p = viscosity 
ps  = density of sphere 
p1 = density of liquid 
p” 

= collection of terms defined by Equation (24) 

= collection of terms defined by Equation (25) 
= dimensionless radius ratio = R i / ( R o  - Ri) 

= Reynolds NO. = D 2 a p l / p  
= unit vector normal to surface of sphere 
= velocity field reflected from inner wall 
= velocity field reflected from outer wall 
= radial coordinate of cylindrical coordinate system 

associated with Couette system 
= radial coordinate of sphere in cylindrical coordi- 

nate system 
= radial coordinate of spherical coordinate system 

with origin at center of sphere 
= radius of inner Couette cylinder 
= radius of outer Couette cylinder 
= ( r  - R i ) / R o  - Ri) = dimensionless radial posi- 

sphere 
= vertical coordinate of sphere in Couette region 

= gradient in free stream velocity 

= reduced density difference = ( p l  - p , ) / p s  

T =ratio sphere diameter to annular thickness of 

0, = tangential velocity of sphere surface due to rota- 

as = angular speed of rotation of sphere about its own 

ni = angular speed of rotation of inner Couette cylin- 

Couette region = Ds/(Ro - R i )  

tion about its own axis 

center 

der 
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Absorption and Scattering of Thermal 
Radiation by a Cloud of Small Particles 

A. R. NAGY, JR., and J. M. LENOIR 
University of Southern California, Los Angeles, California 

An experimental investigation was made of the absorption and mt ter ing  of thermal radiation 
by a cloud of small, spherical, micronsized, aluminum oxide particles in a plane-pamllel enclo- 
sure. By using carbon tetrachloride and carbon disulphide as suspending media, transmission 
measurements were made with collimated and diffuse sources for wavelengths from 2 to llr. 
By employing a two-flux diffuse model, the data were correlated to obtain absorption and back- 
scattering cross sections. From the diffuse and collimated data, a backscatttering coefficient 
was found which voried linearly with relative refractive index. With the developed coefficients, 
the absorptivities of the cloud of particles were determined. 

For Of particles With diameters Of lop 

A. R. Nagy, Jr. is with the Aerospace corporation, ~1 Sewn&, tali- 

magnitude, the prediction of heat transfer rates by radiant 
transfer to and from the particles is not only mathematic- 
ally complex but also subject to uncertainties caused by 

fomia. nonspherical shape, size distribution, and nonuniform 
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